Starting from the exact steady state Navier-Stokes equation and taking the quadratic inertia term into account in an appropriate way one can show the existence of a coupling of the translational and rotational motions of a rigid sphere in an incompressible fluid. No-slip boundary conditions are used. The coupling consists in a transverse force proportional to the cross product of the linear and angular velocities of the sphere. This force is closely related to the Magnus effect. It is of interest for the theory of Brownian motion of particles with internal degrees of freedom.
The coupling of translational and rotational motions of a particle in a fluid is of interest for the theory of Brownian motion of particles with rotational degrees of freedom. In order to investigate the general features of this coupling, one may use the hydrodynamical description. Starting from the linearized, steady state Navier-Stokes equation, one finds the force and torque acting on a rigid particle in a fluid as linear functions of both the linear and angular velocities of the particle 1 . The consequences of such a linear type of coupling for the Brownian motion have already been studied by CONDIFF and DAHLER 2 . This linear coupling, however, does not exist for particles with three mutually perpendicular symmetry planes in particular not for rigid ellipsoids and spheres. It is the purpose of this paper to show that a different, bi-linear type of coupling between translational and rotational motions exists (in accordance with hydrodynamics) even in the case of spherical particles. Therefore we may confine our attention to this case. This second type of coupling emerges from the quadratic inertia term of the exact steady state Navier-Stokes equation. It consists in a "transverse" force proportional to the cross product of the linear velocity and the angular velocity of the rigid sphere. The transverse force causes a particle to roll aside if its angular velocity is not parallel to its velocity. Experimentally the existence of such a force has been observed long ago (with cannon balls, tennis and golf balls) and it is known as MAGNUS effect [3] [4] [5] [6] . By the way, for an infinitely long cylinder (2 dimensional problem, multiply connected space) a transverse force may even exist if the cylinder rotates in a streaming inviscid fluid 6 . This, however, is not true for the three dimensional problem, e. g. for the force acting on a sphere. Here one really has to consider a viscous fluid (as described by the Navier-Stokes equation) in order to find a force on a particle 7 .
A transverse force also acts on a rough sphere (with radius R /: mean free path) in a dilute gas of rough spheres 7a .
The influence of the transverse force on the Brownian motion of rotating spheres has already been studied by the author 8 . § 1. General Remarks Let us consider a rigid sphere simultaneously translating and rotating ("spinning") in an incompressible viscous fluid which is at rest at infinity. The linear velocity of the center of the sphere is denoted by -V. The angular velocity of the sphere with respect to its center is called ß. Both V and ß shall be constant. We introduce a coordi-nate system where the center of the sphere is at rest (and coincides with the origin). Then the streaming velocity V of the fluid is V at infinity. The radius R of the sphere shall be large compared with the mean free path in the fluid. Hence in order to calculate the force and torque acting on the sphere (in steade state) one has to start from the NavierStokes equation (with the time derivative put equal to zero) and a no-slip boundary condition may be used.
We say a coupling of translational and rotational motions of a particle (in a fluid) occurs if the force or/and the torque depend on both linear and angular velocities. Neglecting the quadratic inertia term in the Navier-Stokes equation one in general finds a linear type of coupling with the force and torque linear in V and £2. This coupling, however, vanishes for particles with three mutually perpendicular symmetry planes (Ref.
p. 187). Hence for a sphere, Stokes' friction force and torque (which are derived from the linearized Navier-Stokes equation) cannot show a coupling of translational and rotational motions. Yet one may expect such a coupling to occur if one considers force and torque expressions non-linear with respect to V and &. In particular, a transverse force
might act on sphere immersed in a fluid 9 . It is the purpose of this paper to show that, indeed, such a force can be derived from the Navier-Stokes equation if the quadratic inertia term is taken into account. Two remarks concerning the transverse force can be made at once: i) In hydrodynamical equations, transport coefficients like the viscosity rj occur in equations, where two quantities with different time reversal behavior are linked. As K and Vxfi are both even under time reversal, t] will not appear in (1.1). (In general only even powers of r] might occur.) But this does not imply the possibility to restrict oneself to inviscid fluids. In this case the no-slip boundary condition cannot be fulfilled.
ii) The constant in (1.1) must have the dimension of a mass. The only mass linked with our problem is the mass mf of the fluid contained in a volume equal to that of the sphere:
where Q is the mass density of the fluid. Hence the transverse force can be written as
where y is a dimensionless quantity.
In general y might depend on V 2 and Q 2 . Here, however, we confine ourselves to the coupling of translational and rotational motions of lowest order in V and £2, where y is a constant. § 2. Navier-Stokes Equation
Introducing the dimensionless vector X = R~1X
where R is the radius of the sphere and X is the proper position vector (with X -0 corresponding to the center of the sphere), one has as the steady state Navier-Stokes equation
(2.1)
Here V = 3/dx is the dimensionless Nabla-operator and A = V' V is the dimensionless Laplacian. The fluid is assumed to be incompressible, hence the divergence of the velocity vanishes
The density Q occuring in the inertia term of (2.1) is constant. An equation for p can be obtained by taking the divergence of (2.1) and using (2.2)
The pressure p and the flow velocity V will depend on the dimensionles space coordinates X and on V and £2 as parameters
We now expand p and V in powers of V and £2 p=2pW, v=2vM, (2.5) i,j=0 i, y=0
where and Vare of t-th power in Cartesian components of V and of /'-th power in those of &.
For V = 0 and £2 = 0 the fluid shall be at rest and the pressure is constant, thus we have l>(°°) = 0 and p(°°) = Poo = const.
(2.6)
The (ij)-part of the Navier-Stokes equation (2.1) reads In this way the quadratic Navier-Stokes equation has been reduced to an infinite set of linear differential equations for These may be solved by an iteration procedure since the quadratic term of the (ij)-th equation is a known inhomogeneous term if all v^'i") with i < i and / < j already have been determined. It is not the purpose of this paper to tackle the question of convergence of such an expansion since we are interested in finding the coupling of translational and rotational motions in lowest order in V and .
The first two equations of (2.7) and (2.8) correspond to the linearized Navier-Stokes equation supplemented by the pertaining incompressibility condition
Vp (01) After having solved (2.10) subject to (2.11) and to appropriate boundary conditions, we shall see that p^ and 3i;< n >\ dz,* )
(2.12)
will give rise to a transverse force of the type (1.3). Therefore, we confine our attention to the solution of (2.10). In (2.12) and in the following, Cartesian components of vectors and 2 nd rank tensors are denoted by Greek subscripts. The summation convention will be used for these.
It is convenient to express the space dependence of p and V in terms of Cartesian multipole potentials. A list of the scalars and vectors which may be constructed from the multipoles and the Cartesian components of V and ß shows, that in order to determine the bi-linear pressure p^1 1 ) and velocity t^1 1 ), one has actually to find one and three scalar coefficients respectively as functions of the distance. This point shall be discussed in the next section. § 3. Expansion of Pressure and Velocity
The space dependence of the pressure and the velocity shall be described in terms of the multiple potentials defined by
Here r is the distance of a point from the center of the sphere measured in multiples of the radius R (r 2 = X'X; r 2 = l surface of the sphere). Since zlr -1 = 0, the multipoles are solutions of the Laplace equation. The /-th multipole is a function homogeneous in r~l~x and is proportional to the symmetric irreducible tensor of /-th rank that can be constructed from the unit vector X = r~i X. The scalars and vectors which may be constructed from the multipole potentials and the Cartesian Components of V and ß are listed in Table 1 is the anti-symmetric isotropic 3 rd rank tensor with the property (axb)^. The expansion scalars and vectors chosen are linearly independent. This may easily be seen from Table 1 . Tensors with different parity and different power in V and ß are independent per se. Those with equal parity and equal power in V and ß either contain different multipole potentials (e. g. <£ (1) and <l>( 3 ); and <i> ( 8 ) Now we are ready to make an ansatz for the pressure p and the velocity V in terms of the expansion tensors. The pressure has positive parity, thus scalars with positive parity only can occur in its expansion. From Table 1 we find the following ansatz for that part of the expansion for p we are interested in p(io)=^10d); p(oi) = 0; = (3.4)
The coefficients A-t are functions of the distance r. The velocity has negative parity. Therefore one has V(10)=ai^(l) + a24»(2); V(01)=a34» (3) In order to determine Ax and a7 , a8, a9 as functions of r, one has to solve the "bi-linear" NavierStokes equation (2.10). Since and a7 only are needed for the calculation of the transverse force we focus our attention on the evaluation of these coefficients and then mention the results for a8 and a9 briefly. § 4. Calculation of the "bi-linear'" Pressure and Velocity
The unknown pressure p^ and velocity V' 11 ' are uniquely determined by the "bi-linear" Navier-Stokes equation (2.10), the incompressibility condition (2.11) and the boundary conditions stated above. Before dealing with Eq. (2.10) we observe that due to div V^ = (r 2 a/ + 2 r" 1 a8') (4.1) the incompressibility condition (2.11) implies r 2 a7' + 2r" 1 a 8' = 0. (4.
2)
The prime denotes differentiation with respect to r.
To find the four coefficients A 4 , a7 , a8, a9 specifying p("> and »("' from Eqs. (2.10), (4.2) and the boundary conditions mentioned earlier, we now proceed in three steps:
1) The inhomogeneity term (10) The differential operator 2 = 3CX (d/dx) only acts on the angle dependent part of a function; its operation on a multiple potential is stated in the appendix. Adding (4.4) and (4.7) and using (4.6) one finds Q ai ) = e R («7 <£ (7) + «8 * (8) + «9 * (9) ) > (4-8) where a7 = 2 r~6 a2 =ir-e_ir-49 a8 = r" 3 a2-Ja, = J r~3 + Jr" 1 -(4.9) a9 = = 1 -r -1 .
2) The pressure p^ is determined (apart from a constant) by the differential equation corresponding to (2.3) div Q (11) + zlp (11 ) = 0 .
(4.10)
Similarly to (4.1) one has div Q^1 1 ) = Q R(r 2 a7' + 2 r _1 a8') . The constant C 4 will be determined later.
3) The inhomogeneity term Q( n > of the NavierStokes equation (2.10) and the pressure p^n > (apart from the constant C 4 ) being known, we now are ready to evaluate V^1 1 ). By use of Vp (11) = i r-3 A A ' + (i R AL -A 4 ) (4.14)
[with A 4 from (4.13)] and with the representation following from (3.6) AvW = (a7" + 2 r-1 a/) + (a8" -4 r' 1 a8') <i> ( 8 ) + (a9"-4r 1 a9') (4.15)
Eq. (2.10) may be written down explicitly. Equating coefficients of the three linearly independent vectors <l>( 8 ), <l>( 9 ) on both sides one obtains three uncoupled 2 nd order differential equations for a7 , a8, a9. These equations can be solved with the boundary conditions (3.10, 11, 13). The coefficient a8 then still contains the constant C 4 occuring in (4.13); it is determined by the incompressibility condition (4.2).
Since we are mainly interested in the transverse force which is solely determined by a7'(1) and A 4 ( 1) we apply a different procedure which is more convenient for the evaluation of a7(r) and C 4 . To this end we dot (2.10) by X. The resulting equation is
all terms of which are proportional to the scalar 0(4) < This is seen from the following relations: The constant c7 has to vanish due to the boundary condition a7(oo) =0. In order to satisfy the boundary condition at the surface of the sphere a7(l) =0 we have to put C4=-\.
(4.24)
Hence the final result for a7 is a 7 -(Q R 2 /v) (h r' 1 -A + A r" 4 ) . Hence the total transverse force is K tr = K tr >P + K tr ' f =fmfVx SI. (5.6) This is a force of type (1.3) with y = f. It remains unchanged if the center of the sphere moves with velocity -V and the fluid is at rest far away from the sphere.
